In this paper, we show that the module of higher rank Euler systems for the multiplicative group over a totally real field is free of rank 1 under the assumptions that Greenberg conjecture holds true and the µ-invariant of a certain Iwasawa module vanishes.
Introduction
Euler systems (of rank 1) were introduced by Kolyvagin in order to study the structure of Selmer groups. The definition of Euler system says nothing about L-values. However, once we get an Euler system which related to a certain L-value, we obtain an upper bound of the order of a Selmer group by using this L-value.
While the importance of Euler systems is obvious, the structure of the module of Euler systems has not been well studied. In this paper, we study the structure of the module of Euler systems. To explain the result we obtain in this paper more precisely, we fix some notations. Let k be a totally real field with degree r and We write M kχ,∞ for the maximal p-ramified pro-p abelian extension of k χ (µ p ∞ ). Let k ∞ /k denote the cyclotomic Z p -extension. Note that we have the canonical isomorphism
We put X χ K := e χ (O ⊗ Zp Gal(M kχ,∞ /k χ (µ p ∞ ))) where e χ := [k χ (µ p ) : k] −1 σ∈Gal(kχ(µp)/k) χ(σ)σ −1 . For each integer s ≥ 0, we denote by ES s (T ) the module of Euler systems of rank s for T (see Definition 2.6) . Let K denote the maximal pro-p abelian extension of k satisfying S ram (K/k) ∩ (S p (k) ∪ S ram (k χ /k)) = ∅, where, for an algebraic extension K/k, we denote by S ram (K/k) the set of primes at which K/k is ramified and S p (k) denotes the set of primes of k above p. Then by definition, the module ES s (T ) has a natural O[[Gal(K/k)]]-action.
Under this setting, the following is the main result of this paper. When k = Q, Theorem 1.1 is closely related to a conjecture about the universality of the circular distribution proposed by Coleman. This conjecture implies that any Euler system of rank 1 for the multiplicative group over Q is essentially made out of cyclotomic units. The Coleman conjecture was studied by Seo in [16, 17] and by Burns and Seo in [4] . The authors obtained strong evidence in support of the Coleman conjecture. Although Theorem 1.1 in the case that k = Q was essentially proved by Seo in [16, Theorem A], the proof of the main result of [16] has an error as mentioned in [4, Remark 3.6] . Some arguments in [16] can only be corrected either by assuming certain Galois descent property on distributions or by inverting certain primes.
Recently, in [1] , Burns, Daoud, Sano, and Seo formulated a natural generalization of the conjecture of Coleman, which assert that, modulo minor technical issues concerning torsion, an Euler system of an appropriate rank for the multiplicative group over a number field is basic (see [1, Conjecture 2.5] for the detail). In the present article, we do not give the definition of basic Euler systems. However, it is worth mentioning that, by using Theorem 1.1, we can give a new evidence in support of [1, Conjecture 2.5] (Theorem 5.13).
1.1. Notation. For a field k, we fix a separable closure k of k and denote by G k := Gal(k/k) the absolute Galois group of k.
For a profinite group G and a topological G-module M , let C • (G, M ) denote the complex of inhomogeneous continuous cochains of G with values in M . We also denote the object in the derived category corresponding to the complex C • (G, M ) by RΓ(G, M ). For each integer i ≥ 0, we write H i (G, M ) for its i-th cohomology group.
For any algebraic extension k/Q and places v of Q, we denote by S v (k) the set of places of k above v. For a finite set S of places of k, we denote by k S the maximal extension of k contained in k which is unramified outside S. Set G k,S := Gal(k S /k).
For a prime q of k, we denote by k q the completion of k at q. For an algebraic extension K/k, we denote by S ram (K/k) the set of primes at which K/k is ramified.
1.2.
Acknowledgments. The author would like to express his gratitude to his supervisor Takeshi Tsuji for many helpful discussions. The author is also grateful to David Burns for helpful remarks on the conjecture of Coleman. This work was supported by the Program for Leading Graduate Schools, MEXT, Japan and JSPS KAKENHI Grant Number 17J02456.
Definition of Euler systems
In this section, we recall the definition of Euler systems. The contents of this section are based on [15, §2] .
First, let us fix some notations. Throughout this paper, p denotes an odd prime and k denotes a number field. We fix a finite set S of places of k satisfying S ∞ (k) ∪ S p (k) ⊂ S. Let O be a complete discrete valuation ring with maximal ideal m and T a free O-module of finite rank on which G k,S acts continuously. Suppose that
• the odd prime p is coprime to the class number of k,
• the field O/m has characteristic p, and • the module H 0 (G k,S , T /mT ) vanishes.
Definition 2.1. For an abelian gruop G, we put
For
Let k ∞ /k be a Z s p -extension such that s ≥ 1 and no prime of k splits completely in k ∞ . We put
We also take a pro-p abelian extension K ⊂ k of k satisfying S ram (K/k) ∩ S = ∅. Let Ω denote the set of all finite extensions of k in K:
For a field K ∈ Ω, we put • S K := S ∪ S ram (K/k),
Since p is coprime to the class number of k, we have the canonical isomorphism
In this paper, by using this isomorphism, we identify Λ K with the group ring Λ[Gal(K/k)].
Definition 2.2. Let q be a prime of k. Throughout this paper, we fix a lift of the arithmetic Frobenius element Fr q ∈ G k . When q ∈ S, we define the Frobenius characteristic polynomial at q by 
Hence we have
Definition 2.6. For an integer r ≥ 0, we define the module ES r (T ) of Euler systems of rank r (for T ) by
Divisibility property
We use the same notation as in §2. Let K, L ∈ Ω be fields with L ⊂ K. To simplify the notation, we set
We have the canonical injection G L ֒−→ G K . Hence we identify G L with the subgroup {ψ ∈ G K | ψ(Gal(K/L)) = 1} of G K by using this injection. For a character ψ ∈ G K , we set
We note that Λ K,Q p = ψ∈GK Λ K,Q p e K,ψ and Λ K,Q p e K,ψ ∼ = Λ ⊗ O Q p is a principal ideal domain for any character ψ ∈ G K . We write π K,L : Λ K,Q p −→ Λ L,Q p for the canonical projection. For any character ψ ∈ G L , we have
Hence the homomorphism π K,L induces an isomorphism
Let q ∈ S be a prime of k. We write I K,q for the inertia subgroup of Gal(k ∞ K/k) at q. We then have the arithmetic Frobenius element Fr q ∈ Gal(k ∞ K/k)/I K,q . The canonical homomorphism I K,q −→ Gal(K/k) is injective since k ∞ /k is unramified at q ∤ p. Hence we identify I K,q with the inertia subgroup of Gal(K/k) at q.
for each character ψ ∈ G K . We put
Lemma 3.2. For any fields K, L ∈ Ω satisfying L ⊂ K, we have
Proof. For a prime q ∈ S L of k, we note that f L,q = P q (Fr −1 q ) since I L,q = 1. Hence it suffices to show that
for each character ψ ∈ G L and prime q ∈ S of k. This equality follows from the fact that the
Proof. Take a field K ∈ Ω. Let us prove this proposition by induction on #S ram (K/k). When #S ram (K/k) = 0, we have f K = 1, and hence c K ∈ f
Suppose that #S ram (K/k) > 0. Take a character ψ ∈ G K . Since the Λ K [1/p]-algebra Λ K,Q p is faithfully flat, we only need to show that
If ψ(I K,q ) = 1 for any prime q ∈ S ram (K/k), then we have f K e K,ψ = e K,ψ , and hence
The definition of Euler systems implies that
Furthermore, since q ∈ S ram (K/k) \ S ram (L/k), we have #S ram (L/k) ≤ \#S ram (K/k) − 1, and hence the induction hypothesis shows c L ∈ f L Λ L [1/p]. Hence, by Lemma 3.2, we conclude that
is an isomorphism.
Proof. By Lemma 3.2, the homomorphism (2) is well-defined. Since f K is a regular element of Λ K [1/p] for any field K ∈ Ω, the homomorphism (2) is injective. Furthermore, Proposition 3.3 shows that the homomorphism (2) is surjective.
Characteristic ideals
In this section, we recall the definition of the characteristic ideal of a finitely generated module over a noetherian ring and its basic properties studied in [15, Appendix C]. ( Proof. Take an element x ∈ R with y := rx ∈ char R (M ). Let us show x ∈ char R (M ). By Lemma 4.6, the ideal char R (M ) is reflexive. Since R satisfies (S 2 ) and localization of modules is an exact functor, by Lemma 4.7, we may assume that R is a Cohen-Macaulay local ring with dim(R) ≤ 1. Furthermore, we may also assume that r ∈ m R . Here m R denotes the maximal ideal of R.
Put I := Ann R (M ). Let us show that I = R. We assume the contradiction, namely, I ⊂ m R . Since r is M -regular, the homomorphism The fact that M is a torsion R-module implies that ht(I) = grade(I) ≥ 1, and hence dim(R) ≥ 2. This contradicts the fact that dim(R) ≤ 1.
Since I = R, the module M vanishes, which implies x ∈ R = char R (0) = char R (M ). Proposition 4.11. For a field K ∈ Ω and a prime q ∈ S of k, we have
for any character ψ ∈ G K . By [14, Corollary B.3.6], we have an isomorphism
Let ψ ∈ G K be a character. When ψ(I K,q ) = 1, the isomorphism (3) shows that the module H 1 (G kq , V K )e K,ψ vanishes. Hence we have
If ψ(I K,q ) = 1, the isomorphism (3) shows that we have an exact sequence
Furthermore, since T K = T ⊗ O Λ ι K , we conclude that det(1 − Fr q | V K e K,ψ ) = P q (Fr −1 q )e K,ψ , which completes the proof. Let
On the structure of the module of Euler systems
that is, T ∼ = O as O-modules and the Galois group G k,S acts on T via the character χ cyc χ −1 , where χ cyc denotes the cyclotomic character of k. We write k ∞ /k for the cyclotomic Z p -extension of k. We also set
Let K denote the maximal pro-p abelian extension of k satisfying S ram (K/k) ∩ S = ∅. Let Ω, Λ K , and T K be as in §2. For a field K ∈ Ω and an integer i ≥ 0, put
Stickelberger elements.
In this subsection, we will recall the definition of Stickelberger elements. The contents of this subsection are based on [15, §3.1]. Let K ∈ Ω be a field and n ≥ 0 an integer. Let µ p n denote the set of p n -th roots of unity in Q and µ p ∞ := n>0 µ p n . We set
Let
denote the Teichmüllar character. We write ζ kχK,n,S (s, σ) for the partial zeta function for σ ∈ G K,n :
where a runs over all integral ideals of k coprime to all the primes in S K such that the Artin symbol (a, k χ K(µ p n )/k) is equal to σ and N (a) denotes the norm of a. We put θ kχK,n,S := σ∈GK,n ζ kχK,n,S (0, σ)σ −1 which is contained in Q[G K,n ] (see [5] 
Hence we obtain an element . We have {L χ p,K } K∈Ω ∈ ES 0 (T ). 5.2. Iwasawa modules and characteristic ideals. In this subsection, we introduce several Iwasawa modules and compute its characteristic ideals.
We set
Definition 5.2. Let K ∈ Ω be a field.
(i) We write M kχK,∞ for the maximal p-ramified pro-p abelian extension of k χ K(µ p ∞ ) and set
We write M kχK,S,∞ for the maximal S K -ramified pro-p abelian extension of k χ K(µ p ∞ ) and set
We write N kχK,∞ for the maximal unramified pro-p abelian extension of k χ K(µ p ∞ ) and set
Let K ∈ Ω be a field. By the weak Leopoldt conjecture proved by Iwasawa in [8] , the localization map
Hence by global duality, we obtain the following exact sequences of Λ K -modules (see [15, (2) and (3) in page 12]):
We put
. By the exact sequence (4), we get the following exact sequences
The following proposition is proved by Iwasawa in [9] .
Lemma 5.3 ([9]
). If X χ k is p-torsion-free, then so is X χ K,S for any field K ∈ Ω. Proposition 5.4 ([10, Proposition 2.2]). Suppose that X χ k is p-torsion-free. For a field K ∈ Ω, we have char ΛK (X χ K,S ) = L χ p,K Λ K . Proof. Note that X χ K,S is p-torsion-free by Lemma 5.3. By using the Iwasawa main conjecture proved by Wiles in [19] , Kurihara proved that Fitt 0 ΛK (X χ K,S ) = L χ p,K Λ K . Since L χ p,K is a regular element of Λ K , we have Fitt 0 ΛK (X χ K,S ) = Fitt 0 ΛK (X χ K,S ) * * . Hence by Lemmas 4.6 and 4.7, it suffices to show that Fitt 0 ΛK (X χ K,S )Λ K,r = char ΛK (X χ K,S )Λ K,r for any prime r of Λ K with ht(r) ≤ 1. If p ∈ r, then the ring Λ K,r is regular, and hence we have Fitt 0 ΛK (X χ K,S )Λ K,r = L χ p,K Λ K,r = (L χ p,K Λ K,r ) * * = char ΛK (X χ K,S )Λ K,r by Corollary 4.9. If p ∈ r, the module X χ K,S ⊗ ΛK Λ K,r vanishes by Lemma 4.10, which implies Fitt 0 ΛK (X χ K,S )Λ K,r = Λ K,r = char ΛK (X χ K,S )Λ K,r .
We note that f −1 K L χ p,K ∈ Λ K [1/p] by Proposition 3.3 and Lemma 5.1. Proposition 5.5. For a field K ∈ Ω, we have
Proof. Since Λ K [1/p] is the finite product of principal ideal domain, the notion of the characteristic ideal coincides with the usual one by Corollary 4.9. In particular, the characteristic ideal is additive on short exact sequences of finitely generated Λ K [1/p]-modules. Hence the exact sequence (5) shows that
Thus this proposition follows from Propositions 4.11 and 5.4.
We recall the conjecture concerning the structure of Y χ K proposed by Greenberg in [7] . Conjecture 5.6 (Greenberg) . The Λ K -module Y χ K is pseudo-null for any field K ∈ Ω. 5.3. On the structure of Euler systems for the multiplicative group. Recall that r = [k : Q]. Suppose that H 0 (G kp , T /mT ) = H 2 (G kp , T /mT ) = 0. Then, for a field K ∈ Ω, we have an isomorphism H 1 (G kp , T K ) ∼ = Λ r K such that the following diagram commutes for any field L ∈ Ω with L ⊂ K: Proof. Let K be a field. Recall that, by (6), we have an exact sequence of Λ K -modules
Hence Lemma 4.5 shows that the homomorphism ES r (T ) −→ ES 0 (T ) is injective. Furthermore, the definition of the characteristic ideal shows that 
Proof. Since we assume Greenberg conjecture, by the exact sequence (7) and Corollary 4.8, we have char ΛK (X χ K ) = char ΛK (C K ) for any field K ∈ Ω. Hence, by Proposition 5.7, it suffices to show that the homomorphism
is an isomorphism. Since L χ p,K is a regular element of Λ K for any field K ∈ Ω, the homomorphism (8) is injective.
To show the surjectivity of the homomorphism (8), take an Euler system
Let K ∈ Ω be a field. Proposition 5.5 shows that there is an element α K ∈ Λ K [1/p] such that
Lemmas 3.2 and 5.1 imply that {f −1 K L χ p,K } K∈Ω are norm-coherent. Hence for any field L ∈ Ω with L ⊂ K, we have 
We note that char ΛK (X χ K,S ) = L χ p,K Λ K by Proposition 5.4. The module X χ K,S is p-torsion-free by Lemma 5.3 since we assume that X χ k is p-torsion-free. Hence Lemma 4.10 implies that
This shows that c K ∈ L p,K Λ K , and hence the homomorphism (8) is surjective.
Vertical determinantal systems.
For an integer n ≥ 0, let k n denote the subextension k n /k of k ∞ /k satisfying [k n : k] = p n . For a field K ∈ Ω, put K n := k n K and T Kn :
Definition 5.9 ([3, Definition 2.9]). For a field K ∈ Ω and an integer n ≥ 0, we set
As explained in [3, Definition 2.9], we have the canonical homomorphism rank O H 0 (G kv , T * (1)) + rank O H 2 (G kp , T ) ∨ .
Here T * := Hom O (T, O). Since we assume that the module H 2 (G kp , T ) vanishes, we have H 2 (G kp , T ) = 0. Furthermore, the fact that χ is an even character implies that H 0 (G kv , T * (1)) ∼ = O. Hence since k is a totally real field, we conclude that χ(T, F can ) = #S ∞ (k) = [k : Q]. Proof. To simplify the notation, we put R := Λ[[Gal(K/k)]], and m K denotes the maximal ideal of R. By Propositions 5.11 and 5.12, we obtain the commutative diagram
where VS(T ) −→ KS r (T ) is surjective. Since the R-modules VS(T ) and ES r (T ) are free of rank 1 by Theorem 5.8, the facts that VS(T ) −→ KS r (T ) is surjective and that KS r (T ) is an R/m K -vector space implies that VS(T ) −→ ES r (T ) is an isomorphism.
